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 M. Watanabe 

 

 

(1)  [Sun] (Ref. 1, adapted) Estimate the mass lost by the Sun per unit time through 

electromagnetic radiation, by calculating the value of mass lost in association with on-going 

fusion reaction to convert hydrogen to helium. In the meantime, calculate the mass lost by the 

Sun per unit time through the solar wind. If those mass loss rates were constant in time, how 

long would it take to lose all the solar mass?  

 

(hint) 

solar constant: I = 1.37 kW/m2 

1 AU = 1.50 ∙ 1011 m 

speed of light: 3.00 ∙ 108 m/s 

solar wind speed: u = 400 km/s 

solar wind density: n = 7 ∙ 106 m−3 

proton mass: mp = 1.67 ∙ 10 −27 kg 

solar mass: Mʘ = 1.99 ∙ 1030 kg 

 

(2) [Solar wind] (Ref. 2) A comet’s ion tail is composed of cometary ions embedded in the solar 

wind. Consider an ion tail that points 4° away from the radial direction. What is the solar wind 

speed if the azimuthal component of the comet’s velocity is 30 km/s? 

 

(3) [Archimedean spiral]  (Ref. 2, 3) Assume that the solar wind speed is u = 400 km/s.  

1. Find the heliocentric distance where the average interplanetary magnetic field has wrapped 

itself around once. Give the distance in units of AU.  

2. What is the angle between the radius vector and the magnetic field vector at this point? 

3. What is the magnitude of the magnetic field at this point if the source surface of the 

magnetic field is located at RS = 10 Rʘ (Rʘ = 6.96 ∙ 108 m) and if the magnetic field 

magnitude at the source surface is BS = 10−6 T? 

4. Determine the number of times the magnetic field has wound around the Sun by a 

heliocentric distance of 100 AU. 

 

(hint) 

𝐁 ≈ 𝐵𝑠 �
𝑅𝑠
𝑟
�
2
𝐞𝑟 − 𝐵𝑠 �

𝑅𝑠
𝑟
� 𝛺
𝑢
𝐞𝜑    for r ≫ 𝑅𝑠 
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Ω = 2.80 ∙ 10−6 rad/s 

1 AU = 1.50 ∙ 1011 m 

 

(4) [Interplanetary shock] (Ref. 4) The passage of a coronal mass ejection (CME) and an 

associated interplanetary shock preceding it was measured by the HELIOS spacecraft as shown 

in the following figure.  

 
The shock jump calculated from the plasma density is about Z = 3. From this value of Z and the 

data shown in the figure, show that the shock speed is us ≈ 555 km/s. Next use this speed to 

determine the upstream and downstream plasma speeds. Are these speeds consistent with the 

shock jump Z found from the density data? Show that the upstream Mach number is M ≈ 3, and 

also determine the downstream Mach number and the pressure jump across the shock. The 

Rankine-Hugoniot relations in neutral gas dynamics are adequate enough in this case.  
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(hint) 

𝑢2
𝑢1

=
𝛾 − 1
𝛾 + 1

+
2

(𝛾 + 1)𝑀1
2 

𝑍 ≡
𝜌2
𝜌1

=
𝑢1
𝑢2

=
𝛾 + 1

𝛾 − 1 + 2
𝑀1
2

 

𝑝2
𝑝1

=
2γ𝑀1

2 − (𝛾 − 1)
𝛾 + 1

 

(1: upstream   2: downstream) 

 

(5) [Space weather] (Ref. 1) Assuming that the solar wind flows from the Sun to the Earth at a 

constant speed, calculate the angle the Sun revolves, as observed from the Earth, during the 

period of time it takes for the solar wind to reach the Earth. Calculate two cases for the solar 

wind speeds of 750 km/s and 300 km/s. The Sun’s rotation period is 25.4 days.  

 

(hint) 

Earth’s revolution period = 365.256 days 

1 AU = 1.50 ∙ 1011 m 

 

(6) [Space weather] (Ref. 1) Suppose that a solar flare generates X-rays and 10 MeV protons. 

Calculate the time required for these radiative events to reach the Earth. Assume that the protons 

take a straight path to the Earth. Also calculate the travel time of the solar wind from the Sun to 

the Earth at a mean speed of 450 km/s.  

    

(hint) 

1 AU = 1.50 ∙ 1011 m 

speed of light: c = 3.00 ∙ 108 m/s 

proton mass: mp = 1.67 ∙ 10−27 kg 

proton charge: e = 1.60 ∙ 10−19 C 

 

(7) [Geomagnetic coordinates] (Ref. 1) The geographic coordinates (λ, φ) of any point on the 

Earth can be converted to its corresponding geomagnetic coordinates (Λ, Φ) by the following 

equations.  

sin𝛬 = sin 𝜆 sin 𝜆0 + cos𝜆 cos𝜆0 cos(𝜑 −𝜑0) 

sin𝛷 =
cos 𝜆 sin(𝜑 −𝜑0)

cos𝛬
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where (λ0, φ0) is the geographic coordinates of the north geomagnetic pole.  

1. Show these relations using formulae of spherical triangles.  

2. Calculate the magnetic latitude of your hometown. According to IGRF 2010, λ0 = 80.0°, and 

φ0= −72.2°. 

 

(hint) 

sine law 

sin𝑎
sin𝐴

=
sin𝑏
sin𝐵

=
sin 𝑐
sin𝐶

 

cosine law 

cos𝑎 = cos𝑏 cos 𝑐 + sin𝑏 sin 𝑐 cos𝐴 

 

(8) [Magnetosphere] (Ref. 1, 2, 3, adapted) The dipole magnetic field is expressed as 

𝐵𝑟 = −2𝐵0 �
𝑎
𝑟�

3
sin 𝜆 

𝐵𝜆 = 𝐵0 �
𝑎
𝑟�

3
cos𝜆 

where 𝑎 is the radius of the Earth, and λ is the magnetic latitude (not the geographic latitude in 

Problem 7). B0 is the magnetic field strength at the equator on the Earth.  

1. Calculate the total force of the magnetic field.  

2. Field lines are expressed by the relation 

𝑑𝑟
𝑟𝑑𝜆

=
𝐵𝑟
𝐵𝜆

 

Show that the equation for a magnetic field line is given by 

𝑟
𝑎

= 𝐿 cos2 𝜆 

The dimensionless parameter L is a constant of the field line and represents the geocentric 

distance (measured by 𝑎, the radius of the Earth) where the field line crosses the magnetic 

equator.  

3. A magnetic field line crosses the magnetic equator at 4 RE. Assuming that the Earth’s field is 

a dipole, where does this magnetic field line intersect the surface of the Earth?  

4. Calculate the L value of your hometown.  

 

(9)  [Magnetosphere] At ionospheric altitudes, the Earth’s magnetic field is approximated by a 

dipole field. Assume that the polar cap boundary is a circle centered on the pole. When the polar 

cap boundary is located at a latitude of Λ on the surface of the Earth, show that the magnetic flux 
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that penetrates the polar cap (for one hemisphere) is given by 

𝛷𝑝𝑝 = 2𝜋𝑎2𝐵0 cos2 Λ 

where 𝑎 is the radius of the Earth, and B0 is the magnetic field strength at the equator on the 

Earth. The polar cap expands during the growth phase of substorms (the auroral oval moves into 

lower latitudes). If we assume that the radius of the polar cap expands from 15° to 20°, how 

much does the tail magnetic flux increase? 

 

(10)  [Dessler-Parker-Sckopke relation] Assuming that the ring current is carried by particles 

trapped in the dipole field, the magnetic field deviation ΔB at the Earth’s center caused by the 

ring current is given by 

∆𝐁
𝐵0

= −
2
3
𝑊𝑅𝑅

𝑊𝑑𝑑𝑝
𝐞𝑧 

where WRC is the total energy of all ring current particles, Wdip is the total magnetic energy of the 

Earth’s dipole field outside the surface of the Earth, and ez represents the unit vector antiparallel 

to the dipole vector. Thus, in the zeroth order, Dst is proportional to WRC.  

1. Show that 

𝑊𝑑𝑑𝑝 =
4𝜋𝑎3

3
𝐵02

𝜇0
 

and calculate the numerical value of Wdip. 

 

(hint) 

B0 = 3.00 ∙ 10−5 T 

𝑎 = 6.38 ∙ 106 m 

 

2. Derive the Dessler-Parker-Sckopke relation assuming a single ion species drifting in the 

dipole field in the equatorial plane.  

 

(hint) 

The gradient B drift at the equator at geocentric distance L𝑎 is given by 

𝐯𝐵 = −
3𝐿2𝑤
𝑞𝐵0𝑎

𝒆𝜑 

where 𝑤 = 1
2
𝑚𝑣2 is the particle energy, and q is the charge of the particle. Also note that 

each gyrating particle has a magnetic moment μ given by µ = 𝑤
𝐵

, which also contributes to 

ΔB. 
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Recursive (27-day period) coronal holes

26 January 2000
(day 26 of the year)

22 February 2000
(day 53 of the year)

21 March 2000
(day 81 of the year)

CIR-induced geomagnetic storms
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